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CALCULATION OF WING SPARS A

By
Miller~Breslau.
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In the same issue of tth magaalnu, Mr. Raxzersdorferg) re-
fers to my artlcle in the October, 1919, number and 1eads me to
,ccmpare and combine the numerical and veometrlcal determlnatlons
of the maximum M. ‘ | |
The objebt of my 1919 article, which was inspired by Mr.
Prgll was the simplification, not only of the a; oproximate, but
also of the exact calculation of the maximum bay moment, whereby
especial importance is attached (éven with a very low Euler safety
factor) to the rapid and accurate calculation of I =w2 E J/S s2 .3)
The geometric representation of the bay moments consists in
multiplications, prescribed by formulas, of lines with circular
functions. Mr. Ratzersdorfer starts with the foimulas in my
"Graphische Statik,™ which have often been given in this magazine%)

I will now use formulas developed in my 1919 article, p. 300.

1) From "Zeitschrift fur Flugtechnik und Monorluftschlffanrt n
April 30, 1920, pp. 103-105.

8; See N.A.C.A, file 1116.2-67.

3) The case of lower values of I is especlally 1mportant since
it 1s customary in airplane construction to calculate with
loads near the breaking strength.

I will soon give a report on the experiments which sup-
poxrt this wethod. They were made, according. to a plan worked
out by myself, in the Prussian material-testing office, for
both bending and breaking, with two bay wooden spars furn-

. ished by the former "Flugzeugmelsxerel" (Alrcraft Inspectlon
and Engineering Department):

4) See also my treatise "Zur Theorie¢ der Blegungsspannunoen in

- Fachwerktragern (On the Theory of Bending Stresses in Truss
Girders), Allgemelne Bauzeitung, 1885. :
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From the formula o
M= C, cos Pt G sin =8 k"

I bt T TENEN

 for the moment at the distance ¢ from the middle of the bay

(Fig. 1), it directly follows that M +g k° (Fig. 8) can be rep-

 resented by the projection -a:d of the right angle ab c,

formed by C, and C,, on a straight line which, with C,, in-

closes the angle

) ——— e

I S _ /s
P =2=0a 2 o =85 =B
k 8 EJ
v
It follows from the formulas
M, - M 1 '
¢, = —h——F = Z (M) - Mp) cosee =
2 sin = 2 8
2
_ o
C1 = D sec 5
— 2 1(
D=¢gk™ +3 (M + Mp)

. that C, and C,, through thelir projections

56 =% (M) - Mp) and &B =D

- are determined on a straight line which, with C,, forms the‘

E_(_l)
5 -

. Almost without exception My, will now be required. It

angle’

- then suffices to draw the right angle triangle a b ¢ whose hy-

potenuse a ¢ gives the value

4 2
g k7 + Mmax.

1) M, and Mg are positive when, according to Fig. 1, they act in
éhe same direction as g. In my 1919 article, in agreement

- with Proll, I represented My and Mp as positive :relieving
moments. ! ,




a
If the absolute value of tlz =necle ¢ a b is greater than 5

then Myax, equals the greate: of the end moments M, and Mp.
..Formulas (16). and (17) -on p-2300 (1919) can be combined into
the following formula | .

Y
Mma’-}c‘ - /C! + 02 ha g .k - - LI . . - (1)
which may also be obtained from Fig« 3. Usually Mp,y, 1lies so

near the middle of the bay, that we may write
2

Mpax, = c+§%—— -gk .00 (@
in agreement with formulas (11), (18) and (30) of my 1919 art-

icle. If o lies in the neighborhood of w, +then C, must be

calculated. The formuia

r 4
-1

on p.198 (1919) and the table on p. 800 for very small safety

seec — =
2

factors, lead quickly and accurately to the goal. For a low value

1)

of. I' we may write:

G = 5 (My - up)

1) Point 4 (Fig. 2) lies on a circle, whose diameter is a c.
Mr. Ratzersdorfer detemmines this circle by means of the condi-
tions M =M, for x=0 and M=M, for x =s. If o varies
only a little from w, then the threé points determining the cir-
cle lie nearly in a straight line. I give the calculation the
preference and call the attention of readers, who likewise prefer
to calcula.te to two tables:

J. Hrabdk, "Praktische Hilfstabellen" (Practical Tables) (Pub-
lished by Teubner in Leipzig). Table V, "Trigonometrische, Linien
von Minute zu Mlnute w also contains the often used secants and

- cosecants.

C. Burrau, "Tafeln der Functlonen 0031nus und sinus mit den
natdrlichen Zahlen als Argument® (G. Reiner, Berlin).

The secant table with the argument r (1919, p.BOO) also en-
ables the calculat:.on of G smce :
cogsec® = ——§%9——~
sec® ~ 1




" "las serve:

In the numerical sxa n“n cf ry 19219 article, I made the cal-

culations with excessive scourecy, vecause I wished to obtain as

--acourate a comparison »as,»wpossible of the results obtained.by the .

Jdiffere'nt formulas-. T will ‘therefore give still another example

for the a.ccura.te determlnatlon o:f:‘ L — together with the round

‘numbers to be recommended. in pra.ctice.

Let J = 314 om.*, W= 64 om.>, F =38 am.?, & = 305 om.,

S = 3840 kg_’ g = Bkg/cm., E =180,000 kg/ Qm-a, MA= --44.8-kg.m.

i

Mp = - §34;-4.'k.g-m-, = (” +Mp)

[ ]

- 184.6 kg.m. %.(MA ~ Mp) = 140
: ' kg.m.
We obtain:

EJ

sK =g Ed = 9812.5 g = 196.3 kg u.
2 K2 @& _ 1.041 +0.273
= = - — T = 32‘0
r = 1.041, sec 5 o041

= (196.3 ~ 184.6)32.0 = 374 kg n. 0, = 140 kg m.

Mpox, = o 374° + 1403 - 196.3 = 303 kg u.
~ 20300 . 3840 _ 2

For the determination of the flexure, according to the calcu~
lation of

s® A
M, =g 5 = 232.6 kg m.

(Compare 1919, p.198; formulas (7) and (4).) The following formu~

303 - 233.8 + 184.6 _
< 3840 = 0-040. M.

Tmax.

¥ > 374 - 196.3 - 232.6 + 184.8

¥ ox. TS = 0.034 m. _
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If the safety factor I' is very large and o is consequently
small, then the moment g k? = g £ faz becomes inconveniently

“1amge“f9r“g€0metricalﬁreprésentation. }Zﬂwuﬁuﬁ_QhM

For example, let .

“A=-o0.828, ¥p-._ 0.098, My +Mp .. 0.363,
MO Mo~ . 3 M,
M, - M . -
4 B=-0.38, I'=25 ¢ =92° =18°, sec & =1.0515,
3 M 3 2 ’
© o
=]
a - gk =g=gI _
cosec 2 3.836, T -755 5 = 20.364.
We obtain for iy = 1
¢, = (30.264 - 0.362) 1.0515 = 30,937, C, = - 0.366 x 3.336 =
L] 2 .
- 0.861, M . =20.937 + 3 ?{'gg}gm - 20.284 = 0.6881

1) For small values of @ , the values used for determining the
supporting moments of spars with several bays.

v! S ' v v'! -

b e e v y' = Y= _8 x v'? T tat
= X X 5V = — g s v = 2 v
Ss EJ 2 Ss ’ g.5° X
are calculated with the formulas obtained from a series develop-

ment

Y..._l-;-c'a;‘v":!-_-f- 7oz V'”:-.:L.-;— ...._._._0’2

a2 3 "5 " @a® & 360 ’ az 2% | 2w

for whose usefulness the statement vouches, that fora =:30°
(@ = 0.34907) they still zive the values 0.33604, 0.16904 and
0.04317, which differ only in the fifth decimal place from the
exact values 0.33607, 0.1€807 and 0.04318.

In the introduction to the article "Zur Knickungsbiegung,"

" by Konig, in this magazine, 1919, No. 31, I remarked that the case
of very small values ofe (including &= 05 is treated in ny
“WGraphische: Statik" Vol. II,..Chap.- &, ps 389, . ... .. -
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- If we disregard ths influence of I’ on the moments, we have
. ) o 2 . »
Mpax, = 1 - 0.365 + (2288)°= 0.656
The calculatlon givec the result qulckly and exaotly for all

‘safety factors, but presupposes the use of tables of - funotlons.

II' )
In the 1imit case & = 1w, sec §.= . If the moments to re-
main finite, D must equal O. This gives
- 2 _ 2 g g2
My +Mg=-23hk ————%—«

and C1 =0 X o At least one of the moments MA and MB must be

a function of & .1)

A general investigation of the value
¢, = (b see =) 2(-¥%
2 a=n

o=n
will be given in a special article. Here I ﬁill confine myself
to a simple example. I will take a beam (Fig. 3) centrally load-
ed and resting on three rigid supports, and to whose ends are ap-
plied the moments My and Mg. If © >G_  then may & > .
This may happen, without exceeding the proportionality limis.

From the equation

i ' re ' ' Bt P
IAL+MB\1’+&:L\+MC‘E%‘=-M‘M
S,8, . N 8, S ], S g
when, for abbreviation, we write

58 Ly
$ 8,

there follows

- 2 try 2
.MB = 8,8, 0 a%2
1

g ]
1) See next page. oo n o o+ty Y
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P—— [g =3 + sec -x

i .
s (M, + Mp)]
" ‘ulz o \#a B)
gives, after a simple intermediate calculation,
e ? fain o6 - o ot i @) =
3¢ (sin o, a,cos o + %p!sin ¢)

= +g 6% [sin_g.'.a(4'+ a+2 YR —20,'cos-%-!]

. a
-8 Sx2 Y v ''' o % sin 2
= 3

+ 23 M, a? fsinf—l(2+‘yv')-.a cosgl]
LA 1 - g . 2 3l 3
-8 M ¥ U G2sin —
C 2 1 2_

From this follows for a = w

i

o __zg;as’"g (4 + n®* + 4 ¥ va’__)__gsi?v v, '?
b 3 3 : 81‘!’3
2+ YV, Y ov'' g) B
2 2
+MA~—*~—&~——~MCM?
Numerical example.- g, = 2.0 kg/em. s, = 330 om.,

My = -85,000 kg/cm., hence, g8, = 317,800 kg/em. and for o =m

1) See my articles in this magazine, 1918, Nos. 17 and 18, and in
"Zentrabblatt der Bamverwaltung;" 1919, No.84. 1In the latter,
the influence of ‘a permanent uneven load is considered.

the limit m  only for symmetrical loading g, = g and M = Mg.
We then obtain for o =7

A g8t (4 + TR
C‘!— FREE + My

2
T
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'52,068 kg/ om.
Mp=-23g, k,° - My = - 19,136 kg/om.

My - M : :

The iralues 'MB’ and C, are independent of g, 'sa y 3,

The only condition is o, > q in order that we may have a

If now _ |
Lo=J, 2 _2 S _ % 2 T *
2 y? 8, 3 s, 1.44, then A 3 ~/1.44 0.8,
S, 8 35
Y o= 2= = = 0.8 m = 3.51337 °
Ss, 24 & = 0.87 323741 (144°),

e

v, '= 4.45993250, v_'= 3.23758378, v,'k 0.7245714

< <
and we obtain
b
= 61090 - 11684 g, - 1.09139 Mg.
The following table shows the great influence 0of g and M,

the maXimum bay moment s, .

: : Mpax. °  Mpax.
g, 3 Mg : Ca : Bay 8y Bay s
(kg/cm) : (kg/m) : (kg/m) : (kg/m) : (kg/m)
3.0 : =-80 : 347.7 :128.2 : 80.8
3.0 : =40 : 304.0 : 84.8 : 148.1
3.0 : 0 : 860.4 @ 41.4 : 215.9
3.0 :

o : 377.2 . 157.6 58.6

C, = 0.53338 g, s, ~ 0.34140 g s, + 3.11518 M, - 1.09139 Mg

on

We can also determine the true value of ¢, = .0 X e by cal-

culating the value of C, for the value of © lying the nearest

possible to that of
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We take o = 180° 5C', 9,= 0.8 @a,= 144° 40' and obtain

- 215.9847, 1u'' = - 218.0077, v ''' = - 44.0683

1

'U2'= _.',_‘.k.ﬂ.,..,,?4.',56}7,_. véﬂ' o= 3.3659’ v ves = 4+ 0.7435

2
g, k = 2:3_42__; = 31864.83 kg/cm- sec —él = - 137.511.

*

For the loading case g, = 3 kg/cem. and MC = - 80,000 kg/om.,

- there follows

My, + UM
Mg = - 19336.95 kg/cm., D =g k?® + ‘AT—B = - 353.64 kg/om.

C

L

M -
, = 3.5364 x 137.511 = 348.8 kg/m., . G = -—A—é—% = 38.8 kg/m.,

2

. o
Mmax, = C1 + 5%— - g1k12 = 131 kg/m.
. 1 o

This result varies but slightly from the value 128.2 kg/m.
obtained for o = . In this comparison, no account is taken
of the fact that, with increasing values for @ and S, the
loads g and the end moments also increase somewhat.

Whither leads, therefore the valuation of the moments in the
limit case @ = ﬁ, as given by Mr. Ratzersdorfer in his second
figure? ’ 5

The three points ¢,, O, k,, which determine the ciicle,
whose rays O ¢C répresent the moments g 1«:i2 + M, 1lie, when
G =1, in a straight line. 'The,centér of the circle then only
remains finite, when the points a and b, . coincide. This oé-
curs, when g x? + My = - (g k® + Mg) agrees with the condition
D = 0. Opposite the indefinite form C, = O x » stands the in-

definite taak. ofl drawing a circle of.which only. two: pointa. -O- and



.10 -

b! are given. 1In his 1919 treagtise in the "Osterr. Flugzeit-

schrifth Mr. Ra.‘cé.ersd‘o’r‘fer takes the distance

- X
o.b-l‘_é’ (MB "MA)

as the diameter of the circle and obtains the demonstration re-
reated here in Fig. 4. This gives, for the bay s, .of our exam-

ple, moments which are independent of the 1dading of the bay s,

and of the moment Mc.

The foregoing investigation presupposes a uniformly loaded
bay with a constant end load 'S. In reality, the air pressure is
solved by the ribs into a number of individual loads. Further-
more, the immer tension'between the two wingsspars results in the
application of oblique stresses within the bay of a spar. The
bending stresses generated in the spars were, to the best of my
knowledge, first considered in print in my treatise on the

strength calculation of airplane spars in the August, 1918, num-

ber of the Technische Berichte (Technical Bulletin) of the “Flug- -

zeugmeisterei® (Aircraft Inspection and Engineering Department.)
I was principally concerned, through the application of gen-
eral formulas, practicable for every case of 16ading, in invest-
igating, with a few examples, as to whether the customary as-
sumption, in practice, of a constant pressure and uniform load-

ing, instead of individual loads, is sufficiently accurate, but
N .
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‘also in demonstrating, on an important specimen, the great influ-
ence of the direction cf the stresses resulting from the inner
wor---tension.. I will go more thoroughly into these questions in a

" special treaxige,

. (Translated by the National Advisory Committee for Aeronautics.)
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